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1964 , [1] C.F. Dunkl K.S. Williams :
$\mathcal{X}$
$x,$ $y(\neq 0)$
(1.1) $\Vert\frac{x}{\Vert x\Vert}-\frac{y}{\Vert y\Vert}\Vert\leq\frac{4\Vert x-y||}{||x||+\Vert y||}$ .
, J. Pe\v{c}ari\v{c} R. Raji\v{c} , Dunkl-Williams (1.1) :
$\mathcal{X}$
$x,$ $y(\neq 0)$
$($ 1.2 $)$ $|| \frac{x}{\Vert x\Vert}-\frac{y}{\Vert y\Vert}||\leq\frac{\sqrt{2\Vert x-y\Vert^{2}+2(||x||-\Vert y\Vert)^{2}}}{nlax\{||x||,||y||\}}$ .
, $\mathcal{H}$ $B(\mathcal{H})$ $A$
, (1.2) ,
[9, Theorem 2.1] :
Theorem A. $A,$ $B\in B(\mathcal{H})$ , $|A|,$ $|B|$ ,
$p,$ $q>1$ $+ \frac{1}{q}=1$ .
(1.3) $|A|A|^{-1}-B|B|^{-1}|^{2}\leq$ $|A|^{-1}(p|A-B|^{2}+q(|A|-|B|)^{2})|A|^{-1}$ .
(1.3)
(14) $p(A-B)|A|^{-1}=qB(|A|^{-1}-|B|^{-1})$ .
, \S 2 Dunkl-Williams . ,
\S 3 , $|A|\mathcal{H}$ $[|A|\mathcal{H}]$ $P_{[|A|H]}$ $U^{*}U=P_{[|A|H]}$
$A=U$ , (1.3) . Theorem A $|A|$ $|B|$
. , \S 4 , (1.4)
, , .
[9] . , \S 3, \S 4 [10] .
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2. DUNKL-WILLIAMS INEQUALITIES
, 1964 C.F. Dunkl K.S. Williams
, :
Theorem B. $\mathcal{X}$ $x,$ $y(\neq 0)$
(1.1) $\Vert\frac{x}{\Vert x\Vert}-\frac{y}{\Vert y\Vert}\Vert\leq\frac{4\Vert x-y||}{||x||+\Vert y||}$ .
$P\uparrow oof$. :
$\Vert x\Vert\Vert\frac{x}{\Vert x\Vert}-\frac{y}{\Vert y\Vert}\Vert\leq\Vert x\Vert\Vert\frac{x}{\Vert x\Vert}-\frac{y}{\Vert x\Vert}||+\Vert x\Vert||\frac{y}{\Vert x\Vert}-\frac{y}{\Vert y\Vert}\Vert$
$= \Vert x-y\Vert+\frac{\Vert(\Vert y\Vert-||x\Vert)y\Vert}{||y||}$
$\leq\Vert x-y\Vert+|\Vert y\Vert-\Vert x\Vert|\leq 2\Vert x-y\Vert$ .
:
$\Vert y\Vert\Vert\frac{x}{\Vert x\Vert}-\frac{y}{\Vert y\Vert}\Vert\leq 2\Vert x-y\Vert$ .
, (1.1) .
, $\mathcal{X}$ , :
Theorem C. $\mathcal{X}$ $x,$ $y(\neq 0)$
(2.1) $\Vert\frac{x}{\Vert x\Vert}-\frac{y}{\Vert y\Vert}\Vert\leq\frac{2||x-y||}{||x||+||y||}$ .
Proof. :
$\Vert\frac{x}{\Vert x\Vert}-\frac{y}{\Vert y\Vert}\Vert^{2}=\langle\frac{x}{\Vert x\Vert}-\frac{y}{\Vert y\Vert}$ . $\frac{x}{\Vert x\Vert}-\frac{y}{\Vert y\Vert}\}$
$= \frac{1}{\Vert x\Vert\Vert y\Vert}\{2\Vert x\Vert\Vert y\Vert-2{\rm Re}\{x_{:}y\rangle\}$
$= \frac{1}{\Vert x\Vert\Vert y\Vert}\{2 |$ $| -(\Vert x\Vert^{2}+\Vert y\Vert^{2}-\Vert x-y\Vert^{2})\}$
$= \frac{\Vert x-y\Vert^{2}-(\Vert x||-\Vert y\Vert)^{2}}{\Vert x\Vert||y||}$ .
$\Vert x-y\Vert^{2}-(\frac{\Vert x\Vert+\Vert y\Vert}{2})^{2}\Vert\frac{x}{\Vert x\Vert}-\frac{y}{\Vert y\Vert}\Vert^{2}$
$= \frac{(\Vert x||-||y\Vert)^{2}}{4||x\Vert||y||}\{(\Vert x\Vert+\Vert y\Vert)^{2}-\Vert x-y\Vert^{2}\}\geq 0$ .
, (2.1) .
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$\langle$ 1964 W. Kirk M. Smiley , [5] :
Theorem $D$ : $\mathcal{X}$ x, $y(\neq 0)$
(2.2) $\Vert\frac{x}{\Vert x\Vert}-\frac{y}{\Vert y\Vert}\Vert\leq\frac{2\Vert x-y||}{||x||+\Vert y||}$
$\mathcal{X}$ .
, ER. Lorch , $\mathcal{X}$ , $\Vert x\Vert=\Vert y\Vert$ $x,$ $y\in \mathcal{X}$
$\Vert\alpha x+\alpha^{-1}y\Vert\geq\Vert x+y\Vert$ $\alpha$ .
, [3] , (1.1) (2.1) 4 , $2$
, the Dunkl-Williams constant :
DW$( \mathcal{X}):=\sup\{dw(x, y):x, y\in \mathcal{X}, x\neq 0, y\neq 0, x\neq y\}$ ,
where dw $(x, y)= \frac{\Vert x\Vert+\Vert y\Vert}{\Vert x-y\Vert}\Vert\frac{x}{\Vert x\Vert}-\frac{y}{\Vert y\Vert}\Vert$ . Dunkl-Williams constant DW$(\mathcal{X})$
:
$2\leq DW(\mathcal{X})\leq 4$ .
DW$(\mathcal{X})=2\Leftrightarrow \mathcal{X}$ : .
$DW(\mathbb{R}^{2}, \Vert\cdot\Vert_{1})=DW(\mathbb{R}^{2}, |$ $|\infty\infty)=4$ .
DW$(\mathcal{X})<4\Leftrightarrow \mathcal{X}$ uniformly nonsquare :If there exists $\delta>0$ such
that for any pair $x,$ $y\in B_{\mathcal{X}}(=\{x\in \mathcal{X} : \Vert x\Vert\leq 1\})$ ,
$\min\{\Vert x+y\Vert, \Vert x-y\Vert\}\leq\delta$ .
(1.1) . , [4] (cf. [6]) :
Theorem E. $\mathcal{X}$ $x,$ $y(\neq 0)$
$\Vert x+y\Vert+(2-\Vert\frac{x}{\Vert x\Vert}+\frac{y}{\Vert y\Vert}\Vert)\min\{\Vert x\Vert, \Vert y\Vert\}$
$\leq\Vert x\Vert+\Vert y\Vert$
$\leq\Vert x+y\Vert+(2-\Vert\frac{x}{\Vert x\Vert}+\frac{y}{\Vert y\Vert}\Vert)\max\{\Vert x\Vert, \Vert y\Vert\}$.
Theorem $E$ 2 $y$ $y$ , (1.1)
:
Theorem F. $\mathcal{X}$ $x,$ $y(\neq 0)$
(2.3) $\Vert\frac{x}{\Vert x\Vert}-\frac{y}{\Vert y\Vert}\Vert\leq\frac{\Vert x-y||+|||x||-\Vert y\Vert|}{\max\{\Vert x||,||y\Vert\}}$ .
, (1.1) :
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Theorem G. $\mathcal{X}$ $x.y(\neq 0)$
(2.4) $\Vert\frac{x}{\Vert x\Vert}-\frac{y}{\Vert y\Vert}\Vert\geq\frac{\Vert x-y\Vert-|||x||-\Vert y\Vert|}{n1in\{\Vert x||.||y\Vert\}}$.
, (2.3) . bIassera-Schaffer $\Vert x-y\Vert+$
$|\Vert x\Vert-\Vert y\Vert|\leq 2\Vert x-y\Vert$ [7] :
Theorem H. $\mathcal{X}$ $x,$ $y(\neq 0)$
(2.5) $\Vert\frac{x}{\Vert x\Vert}-\frac{y}{\Vert y\Vert}\Vert\leq\frac{2\Vert x-y||}{nuax\{||x\Vert,\Vert y\Vert\}}$ .
, $x,$ $y\in \mathcal{X}$
$\Vert x-y\Vert+|\Vert x\Vert-\Vert y\Vert|\leq\sqrt{2}\sqrt{\Vert x-y\Vert^{2}+(\Vert x\Vert-\Vert y\Vert)^{2}}\leq 2\Vert x-y\Vert$
[9] :
Theorem I. $\mathcal{X}$ $x,$ $y(\neq 0)$
(2.6) $\Vert\frac{x}{\Vert x\Vert}-\frac{y}{\Vert y\Vert}\Vert\leq\frac{\sqrt{2}\sqrt{\Vert x-y\Vert^{2}+(||x||-\Vert y\Vert)^{2}}}{\max\{||x\Vert,||y||\}}$ .
3. DUNKL-WILLIAMS OPERATOR INEQUALITY (1.3)
, (1.3) :
Theorem 3.1. $A,$ $B\in B(\mathcal{H})$ $A=U|A|,$ $B=V|B|$ , $p,$ $q>1$
$\frac{1}{p}+\frac{1}{q}=1$ .
(3.1) $|(U-V)|A||^{2}\leq p|A-B|^{2}+q(|A|-|B|)^{2}$ .
(3.1)
(3.2) $p(A-B)=qV(|B|-|A|)$ and $U^{*}U=V^{*}V$.
Theorem 3.1 , 2 :
Lemma 3.2. ([2, Corollary 1]) $A,$ $B$ , $\frac{1}{p}+\frac{1}{q}=1$ $p,$ $q>1$
.
(3.3) $|A-B|^{2}\leq p|A|^{2}+q|B|^{2}$ .
(3.3) $pA=-qB$ .
(3.3) , Bohr inequality [8, p.312] .
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Lemma 3.3. A. $B\in B(\mathcal{H})$ $A=U|A|,$ $B=V|B|$ , $p,$ $q\in \mathbb{R}$
$\frac{1}{p}+\frac{1}{q}=1$ . , $p(A-B)=qV(|B|-|A|)$ .
$p|A-B|^{2}\leq q(|A|^{2}-|B|^{2})$ .







, 2 Theorem 3.1 :
Proof of Theorem 3.1. $|(U-V)|A||^{2}=|A-B-V(|A|-|B|)|^{2}$ ,
Lemma3.2 $A-B$ $V(|A|-|B|)$ ,
$($ 3.4 $)$ $|(U-V)|A||^{2}\leq p|A-B|^{2}+q|V(|A|-|B|)|^{2}$
(3.5) $\leq p|A-B|^{2}+q(|A|-|B|)^{2}$ .
Lemma 3.2 , (3.4) $p(A-B)=qV(|B|-|A|)$ .
, (3.5) $V^{*}V|A|=|A|$ . $U^{*}U\leq$
$V^{*}V$ . , $p(A-B)=qV(|B|-|A|)$ , $U^{*}U\geq V^{*}V$ Lemma3.3
.
, $U^{*}U=V^{*}V$ $V^{*}V(|A|-|B|)=|A|-|B|$ , (3.4)
(3.5) .
Corollary 3.4. Theorem $A$ , Theorem 3.1 .
$P\uparrow^{\backslash }oof$. $3$ $U=A|A|^{-1},$ $V=B|B|^{-1},$ $U^{*}U=V^{*}V=I$
$|A|A|^{-1}-B|B|^{-1}|^{2}=|A|^{-1}|(U-V)|A||^{2}|A|^{-1}$
$\leq$ $|A|^{-1}(p|A-B|^{2}+q(|A|-|B|)^{2})|A|^{-1}$ (by (3.1)).
(1.3)
$p(A-B)|A|^{-1}=qV(|B|-|A|)|A|^{-1}=qB(|A|^{-1}-|B|^{-1})$ .
, Theorem A .
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4. THEOREM 3.1
, Theorem 3. 1 (3.2) . , Theorem
3.1 :
Proposition 4.1. A. $B\in B(\mathcal{H})$ $A=U|A|$ . $B=V|B|$ ,
$p.q>1$ $\frac{1}{p}+\frac{1}{q}=1$ . $U^{*}U=V^{*}V$ . ,
:
(i) $p(A-B)=qV(|B|-|A|)$ .
(ii) $|A|=|B|+ \frac{p}{q}|A-B|$ . $A-B=-V|A-B|$ .
$P\}oof$. $(i)\Rightarrow(ii)$ . $p^{2}|A-B|^{2}=q^{2}(|B|-|A|)^{2}$ $q(|A|-|B|)=p|A-B|$
. , $A-B=9pV(|B|-|A|)=-V|A-B|$ . $\square$
Theorem 3.1 Proposition 4.1 , :
Corollary 4.2. A. $B\in B(\mathcal{H})$ $A=U|A|,$ $B=V|B|$ ,
$p,$ $q>1$ $\frac{1}{p}+\frac{1}{q}=1$ .
$|(U-V)|A||^{2}=p|A-B|^{2}+q(|A|-|B|)^{2}$
$|A|=|B|+ \frac{p}{q}|A-B|$ . $A-B=-V|A-B|$ .
, (3.1) . 2
, :
Lemma 4.3. ([9, Lemma 2.9]) S. $T\in B(\mathcal{H})$ , $t\in \mathbb{R}$ $ST+TS=$
$tS^{2}$ , :
( $i$ ) $t<0\Rightarrow S=0$ .
(ii) $t \geq 0\Rightarrow ST=TS=\frac{1}{2}tS^{2}$ .
$P_{7}oof$. $S^{2}T(=S(tS^{2}-TS)$ . , $S^{2}$ $T$ ,
$S$ $T$ . $t<0$ $2ST=tS^{2}\leq 0$ , $S=0$ . , $t\geq 0$
$2ST=tS^{2}$ .













2 , (3.1) .
, Lemma 4.3 , $P$ , Theorem 4.5 $p\geq 2$ , Theorem
46 $1<p<2$ .
Theorem 4.5. $A,$ $B\in B(\mathcal{H})$ $A=U|A|,$ $B=V|B|$ , $p,$ $q>1$
$\frac{1}{p}+\frac{1}{q}=1$ . $p\geq 2$ . , :
(i) $|(U-V)|A||^{2}=p|A-B|^{2}+q(|A|-|B|)^{2}$ .
(ii) $A=B$ .
Proof. $(i)\Rightarrow(ii)$ . $p>2$ , Lemma 4.4 Lenima 4.3 $C(:=$
$A-B)=0$ . $p=2$ Lemma4.3 $|C||B|=0$ $|C|V^{*}V=0$ .
Corollary 4.2 $C=-V|C|$ $|C|^{2}=|C|V^{*}V|C|=0$ . $\square$
Theorem 4.6. $A,$ $B\in B(\mathcal{H})$ $A=U|A|,$ $B=V|B|$ , $p,$ $q>1$
$+ \frac{1}{q}=1$ . , $1<p<2$ . , :
(i) $|(U-V)|A||^{2}=p|A-B|^{2}+q(|A|-|B|)^{2}$ .
(ii) $\{A=B(I-\frac{2}{2-p,+}W)|A|=|B|(I\frac{W^{*}2p}{(2-p)q}W^{*}W)$
, $A-B$ $A-B=W|A-B|$ .
$P\uparrow oof$. $(i)\Rightarrow$ (ii) $C=A-B$ . (i)
$C=-V|C|$ , $|B||C|+|C||B|=(2-p)|C|^{2}$ .
, Lemma 4.3
$|B||C|=|C||B|= \frac{1}{2}(2-p)|C|^{2}$ .
, $A|C|=\overline{p}-\overline{2}1B|C|$ . , $W^{*}W\mathcal{H}=[|C|\mathcal{H}]$
$AW^{*}W= \frac{p}{p-2}BW^{*}W$.





, Theorem 3.1 (i) $U^{*}U=V^{*}V$ , $V^{*}V\geq lV^{*}\mathfrak{h}V$ .




. , $I+ \frac{2p}{(2-p)q}W^{*}M/^{7}$ $[|A|\mathcal{H}]=[|B|\mathcal{H}]$ .
$U^{*}U=V^{*}V$ . , Theorenm3.1 (i) .
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